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A TOPOLOGICAL CHARACTERISATION OF ENDOMORPHISM
MONOIDS OF COUNTABLE STRUCTURES
MANUEL BODIRSKY AND FRIEDRICH MARTIN SCHNEIDER
Abstract. A topological monoid is isomorphic to an endomorphism monoid of a count-
able structure if and only if it is separable and has a compatible complete ultrametric such
that composition from the left is non-expansive. We also give a topological characterisation
of those topological monoids that are isomorphic to endomorphism monoids of countable
ω-categorical structures. Finally we present analogous characterisations for polymorphism
clones of countable structures and for polymorphism clones of countable ω-categorical struc-
tures.
1. Introduction
Permutation groups and, more generally, transformation monoids on a setX carry a natural
topology such that composition is continuous, the topology of pointwise convergence, which is
induced by the product topology on XX , the set of all functions from X to X, where X is
considered to be discrete.
A topological group is called non-archimedian if it has a base at the identity consisting of
open subgroups. The following is due to Becker and Kechris [BK96].
Theorem 1 (Section 1.5 in [BK96]; also see Theorem 2.4.1 and Theorem 2.4.4 in [Gao08]).
Let G be a topological group. Then the following are equivalent.
(1) G is topologically isomorphic to the automorphism group of a countable structure.
(2) G is topologically isomorphic to a closed subgroup of the full symmetric group Sym(N).
(3) G is Polish and admits a compatible left invariant ultrametric.
(4) G is Polish and non-archimedian.
It has been asked in [BPP13] (Question 1 on page 29), and, independently, in [Tar14] (‘open
question’ on page 215), whether this theorem can be generalised from permutation groups to
transformation monoids. Here, we present such a generalisation (Theorem 2): a topological
monoids M is topologically isomorphic to a closed submonoid of the full transformation
monoid NN if and only ifM is separable and admits a compatible complete left non-expansive
ultrametric (Theorem 2).
There is a strong link between closed subgroups of Sym(X) for countable X, and the model
theory of structures Γ with domain X. This link is particularly strong when Γ is ω-categorical,
this is, when the first-order theory of Γ has only one countable model up to isomorphism.
These structures arise in many areas of mathematics; we refer to a recent survey article of
MacPherson [Mac11]. By the theorem of Ryll-Nardzewski, Γ is ω-categorical if and only
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if the automorphism group Aut(Γ) of Γ is oligomorphic, this is, for all n ∈ N the action
of Aut(Γ) on Xn has only finitely many orbits. In fact, two ω-categorical structures have
topologically isomorphic automorphism groups if and only if they are bi-interpretable, due to
Coquand (see [AZ86]). Hence, one might expect that the property of a topological group to be
topologically isomorphic to a closed oligomorphic permutation group can be expressed directly
in terms of the topological group (without reference to any action). This is indeed possible,
and closely related to a result of Todor Tsankov about closed subgroups of Sym(N) that are
Roelcke precompact [Tsa12]. We will review the characterisation of topological groups with
an oligomorphic action on a countable set in Section 4.
When two ω-categorical structures Γ and ∆ have not only topologically isomorphic au-
tomorphism groups, but even topologically isomorphic endomorphism monoids, one might
expect a stronger form of reconstruction than reconstruction up to bi-interpretability. And
indeed, if Γ and ∆ do not have constant endomorphisms, then End(Γ) and End(∆) are
topologically isomorphic if and only if Γ and ∆ are existentially bi-interpretable [BJ11]. In
Section 3 we present a characterisation of the topological monoids that appear as endomor-
phism monoids of countable ω-categorical structures, and this specialises to the mentioned
result for oligomorphic permutation groups.
We finally generalise our results further to function clones (Theorem 5). A subset of
OX :=
⋃
n∈N(X
n → X) is called a function clone if it contains the projections and is closed
under composition. Clones are abstractions of function clones, analogously as groups are
abstractions of permutation groups, and monoids are abstractions of transformation monoids.
It is well known that every abstract clone can be realised as a function clone.
For a set X and k ∈ N, we equip Xk → X with the product topology where X is taken
to be discrete, and we take
⋃
k∈NX
k → X as the sum space. Observe that with respect to
this topology, composition in function clones is continuous. In Section 5, we characterise the
topological clones that are isomorphic to closed subclones of OX . These are precisely the
clones that arise as polymorphism clones Pol(Γ) of countable structures Γ. Polymorphisms
are multivariate endomorphisms and an important concept from universal algebra that lately
has seen many applications in theoretical computer science (see, e.g., the collection of survey
articles [CKV08]).
When a countable structure Γ is ω-categorical, then the polymorphism clone Pol(Γ), viewed
as a topological clone, determines Γ up to primitive positive bi-interpretability [BP15]. Here,
in contrast to the result on monoids mentioned above, one does not need the assumption that
Pol(Γ) and Pol(∆) do not have constant operations. Primitive positive interpretability plays a
central role for the study of the complexity of constraint satisfaction problems. In particular,
this result implies that the computational complexity of the constraint satisfaction problem
of Γ only depends on Pol(Γ), viewed as a topological clone. In Section 6, we characterise the
topological clones that can arise as polymorphism clones of ω-categorical structures directly
in terms of the topology.
Notation
We denote the set of natural numbers by N = {1, 2, . . .}. Given any n ∈ N, we write n for the
set {1, . . . , n}. If f : X → Y , t ∈ Xk, then we write f(t) for the tuple (f(t1), . . . , f(tk)) ∈ Y
k.
For an equivalence relation U on X, and x ∈ X, we write [x]U for the equivalence class of x
with respect to U , and X/U for the set {[x]U | x ∈ X}. The cardinality of X/U is called the
index of U .
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General case Oligomorphic case
Groups Theorem 1 (Becker-Kechris) Theorem 4 (essentially Tsankov)
Section 1 Section 4
Monoids Theorem 2 (Question of Tarzi) Theorem 3
Section 2 Section 3
Clones Theorem 5 Theorem 6 (capture CSP complexity)
Section 5 Section 6
Figure 1. Overview of the results.
2. Monoids
Let M = (M ; ·, 1) be a topological monoid and d a compatible metric on M . We say that
d is left non-expansive if for all g, f, f ′ ∈ M we have that d(gf, gf ′) ≤ d(f, f ′). A metric d
on a set X is called an ultrametric if d(x, z) ≤ max(d(x, y), d(y, z)) for all x, y, z ∈ X. In
this section we show that M is topologically isomorphic to a closed submonoid of NN (that
is, there is a monoid isomorphism which is a homeomorphism) if and only if M is separable
and admits a compatible complete left non-expansive ultrametric.
In the proof we need the following fundamental concepts from topology (see e.g. [Bou98]).
A nonempty collection U of binary reflexive relations on a set X is a uniformity (and X along
with U is called a uniform space) if it satisfies the following axioms:
• If U ∈ U and U ⊆ V ⊆ X2, then V ∈ U .
• If U ∈ U , then U−1 ∈ U .
• If U ∈ U and V ∈ U , then U ∩ V ∈ U .
• If U ∈ U , then there is V ∈ U such that V ◦ V ⊆ U .
The elements of U are called entourages. A base of a uniformity U is a subset B ⊆ U such
that for any V ∈ U there is a W ∈ B such that W ⊆ V . Clearly, any base B of a uniformity U
determines U uniquely, and we call U the uniformity generated by B. The topology induced
by U on X is the topology where O ⊆ X is open if for every x ∈ O there exists an entourage
U ∈ U such that {y | (x, y) ∈ U} ⊆ O. In this case we say that U is compatible with the
topology. Every metric space (X, d) generates a uniformity, namely the uniformity with the
base U =
{
{(x, y) ∈ X2 : d(x, y) ≤ ǫ} | ǫ ∈ R
}
.
A Cauchy filter on a uniform space X is a filter F on X such that for every U ∈ U there
exists an A ∈ F with A×A ⊆ U . We say that F converges if there exists an x ∈ X such that
for every U ∈ U we have that {y | (x, y) ∈ U} ∈ F , in which case we say that F converges to
x. The uniform space X is called complete if every Cauchy filter on X converges. A function
f : X → Y between uniform spaces is called uniformly continuous if the pre-image of any
entourage in Y is an entourage in X.
Theorem 2. Let M be a topological monoid. Then the following are equivalent.
(1) M is topologically isomorphic to the endomorphism monoid of a countable structure.
(2) M is topologically isomorphic to a closed submonoid of NN.
(3) M is separable and admits a compatible complete left non-expansive ultrametric.
(4) M is Hausdorff and has a complete compatible uniformity with a countable base B
such that
(a) each element of B is an equivalence relation on M of countable index, and
(b) for all U ∈ B and for all x, y, z ∈M , if (y, z) ∈ U then (xy, xz) ∈ U .
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Proof. The equivalence of (1) and (2) is well-known and can e.g. be found in [Bod12] (Propo-
sition 3.4.8). We show the implications (2)⇒ (3), (3)⇒ (4), (4)⇒ (2).
(2) ⇒ (3). Closed submonoids M of NN are separable: for all s, t ∈ Nn such that there
exists an f ∈ M with f(s) = t, we arbitrarily select such an f ; the set of all selected f lies
dense in M . A compatible complete non-expansive ultrametric d can be obtained as follows.
For elements f, g ∈ M we define d(f, g) := 0 if f = g, and otherwise d(f, g) := 1/2n where
n ∈ N is least such that f(n) 6= g(n).
(3)⇒ (4). Let d be a compatible left non-expansive ultrametric of M. Then the collection
B := {Bn | n ∈ N} where Bn := {(x, y) ∈ M
2 | d(x, y) ≤ 1/n} is a uniformity base which
we claim has the required properties. Obviously, B is countable, and the transitivity of the
relations Bn follows from the assumption that d is an ultrametric. The uniformity generated
by B is complete, because it is generated by d, and the metric d is complete. By separability
of M , there exists a countable dense subset {e1, e2, . . . } of M , that is, for every e ∈ M and
n ∈ N there exists an i ∈ N such that d(ei, e) < 1/n. This shows that Bn has countably many
equivalence classes. Finally, (4b) holds since the metric d is left non-expansive.
(4) ⇒ (2). Let V1, V2, . . . be an enumeration of the equivalence relations in B, and define
(Un)n∈N to be the sequence of equivalence relations given by Un :=
⋂
i∈n Vi. Let Nn :=M/Un.
Define ξ : M → NN where N is the countable set
⋃
n∈N(Nn × {n}) as follows.
ξ(x)([y]Un , n) := ([xy]Un , n)
This is well-defined: if (y, y′) ∈ Un, then (xy, xy
′) ∈ Un by (4b). Moreover, ξ is a homomor-
phism since
ξ(xy)([z]Un , n) = ([xyz]Un , n) = ξ(x)([yz]Un , n) = ξ(x)(ξ(y)([z]Un , n))
and since ξ(1)([z]Un , n) = ([1z]Un , n) = ([z]Un , n).
Claim 1. The map ξ is injective. For distinct x, y ∈ M there exists an n ∈ N such that
(x, y) /∈ Un since M is Hausdorff. Hence, [x]Un 6= [y]Un and [x1]Un 6= [y1]Un . Therefore,
ξ(x)([1]Un , n) 6= ξ(y)([1]Un , n) and ξ(x) 6= ξ(y).
Claim 2. The map ξ is continuous. Let x ∈M be arbitrary, and E ⊆ N be finite. Define
Wx,E := {g ∈ ξ(M) | g(e) = ξ(x)(e) for all e ∈ E}, and observe that the sets of the form
Wx,E form a basis for the topology induced by ξ(M) in N
N . Then
ξ−1(Wx,E) = {y ∈M | ξ(y)(e) = ξ(x)(e) for all e ∈ E}
=
⋂
([z]Un ,n)∈E
{y ∈M | ξ(x)([z]Un , n) = ξ(y)([z]Un , n)}
=
⋂
([z]Un ,n)∈E
{y ∈M | ([xz]Un , n) = ([yz]Un , n)}
=
⋂
([z]Un ,n)∈E
{y ∈M | yz ∈ [xz]Un} .
We will prove that S := {y ∈ M | yz ∈ [xz]Un} is open. Define ρz : M → M by ρz(y) := yz,
which is continuous as the multiplication in M is continuous. Since [xz]Un is open, it follows
that ρ−1z ([xz]Un) = {y ∈ M | ρz(y) ∈ [xz]Un} = S is open, too. Therefore, ξ
−1(Wx,E) is a
finite intersection of open sets, and open. It follows that ξ is continuous at x.
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Claim 3. The map ξ−1 is uniformly continuous. We have to show that for all n ∈ N the
relation {(ξ(x), ξ(y)) | (x, y) ∈ Un} is an entourage in ξ(M). Define
Vn := {(f, g) ∈ N
N ×NN | f(([1M ]Un , n)) = g(([1M ]Un , n))} .
Then
Vn ∩ ξ(M)
2 =
{
(ξ(x), ξ(y)) | x, y ∈M and ξ(x)([1M ]Un , n) = ξ(y)([1M ]Un , n)
}
=
{
(ξ(x), ξ(y)) | x, y ∈M and [x1M ]Un = [y1M ]Un
}
=
{
(ξ(x), ξ(y)) | (x, y) ∈ Un
}
.
The former set is an entourage in ξ(M), and this proves the claim.
Claim 4. The image ofM under ξ is closed in NN . Let (xi)i∈N be a sequence of elements of
M such that (ξ(xi))i∈N converges to y ∈ N
N . Let d be the metric on NN defined analogously
to the metric on NN from the implication (1) ⇒ (2). Then the set of all sets of the form
{z ∈ NN | d(z, y) ≤ 1/n}, for n ∈ N, is a Cauchy filter F . Since ξ−1 is uniformly continuous,
F ′ := {ξ−1(A) | A ∈ F} is a Cauchy filter, too. Since the uniformity generated by B is
complete, F ′ converges to an element x ∈M . Then ξ(x) = y by continuity of ξ. 
3. Oligomorphic Transformation Monoids
In this section we characterise those topological monoids that appear as endomorphism
monoids of ω-categorical structures. To this end, let us first recall the concept of approximate
oligomorphicity from [Ros13] (see also [YT13]).
Definition 1. An isometric action of a group G on a metric space (X, d) is called approxi-
mately oligomorphic if for any n ≥ 1 and ε > 0 there is a finite subset F ⊆ Xn such that
∀x ∈ Xn ∃y ∈ F : dG,n(x, y) < ε,
where dG,n(x, y) := infg∈Gmaxi∈n d(xi, gyi) for x, y ∈ X
n.
LetM be a topological monoid. Consider the group G := {x ∈M | ∃y ∈M : xy = yx = 1}
of its units. Note that if d is a left non-expansive compatible metric onM , then the left action
G×M →M, (g, x) 7→ gx is an isometric action of G on (M,d). Furthermore, let us introduce
the following terminology.
Definition 2. A metric d on M is called G-finitely generated if for every ε > 0 there exists
a finite subset F of G such that
∀x, y ∈M : max
g∈F
d(xg, yg) < 1/2⇒ d(x, y) < ε .
Theorem 3. Let M be a topological monoid and let G be the units of M. Then the following
are equivalent.
(1) M is topologically isomorphic to the transformation monoid of a countable ω-categorical
structure.
(2) There is a topological isomorphism ξ between M and a closed submonoid of NN such
that ξ(G) is oligomorphic.
(3) M is separable and there exists a compatible G-finitely generated complete left non-
expansive ultrametric d on M such that the left action of G on (M,d) is approximately
oligomorphic.
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(4) M is Hausdorff and there exists a left invariant equivalence relation V of countable
index on M such that
(a) the uniformity U generated by
{
{(x, y) ∈M2 | ∀g ∈ F : (xg, yg) ∈ V } | F ⊆ G finite
}
is compatible and complete, and
(b) for each n ∈ N, the equivalence relation
Vn := {(x, y) ∈M
n ×Mn | ∃g ∈ G∀i ∈ n : (xi, gyi) ∈ V }
has finite index.
Proof. The equivalence of (1) and (2) follows from the equivalence of (1) and (2) in Theorem 2,
and the theorem of Engeler, Svenonius, and Ryll-Nardzewski (see, e.g., Hodges [Hod93]). We
show the implications (2)⇒ (3), (3)⇒ (4), (4)⇒ (2).
(2)⇒ (3). It follows from the implication (2)⇒ (3) in Theorem 2 thatM is separable and
admits a compatible complete left non-expansive ultrametric d˜. Since ξ(G) is an oligomorphic
permutation group, there exists some n ∈ N such that N =
⋃
j∈n{ξ(g)(j) | g ∈ G}. Then d
defined by d(x, y) := 2nd˜(x, y) is also a compatible left non-expansive ultrametric on M . We
first verify that d is G-finitely generated. Let ε > 0. There exists m ∈ N such that 2n−m < ε.
For each i ∈ m, choose some gi ∈ G such that i ∈ ξ(gi)(n). Evidently, F := {gi | i ∈ m} is
finite. Let x, y ∈ M . If maxg∈F d(xg, yg) < 1/2, then (ξ(xgi))↾n = (ξ(ygi))↾n for each i ∈ m
and thus ξ(x)↾m = ξ(y)↾m, which implies that d˜(x, y) ≤ 2
−m, and hence d(x, y) ≤ 2n−m < ε.
To complete the proof of (3), let ε > 0. Again choose m ∈ N such that 2n−m < ε. Since
ξ(G) is oligomorphic, Q := Nmn/ξ(G) is finite. In the following, we identify the elements of
M with their image under ξ when applying them to elements from N. Let
Q′ := {Q ∈ Q | ∃f ∈Mn : (f1(1), . . . , f1(m), . . . . . . , fn(1), . . . , fn(m)) ∈ Q}.
For each Q ∈ Q′, choose fQ ∈M
n such that
(fQ,1(1), . . . , fQ,1(m), . . . . . . , fQ,n(1), . . . , fQ,n(m)) ∈ Q.
Clearly, F := {fQ | Q ∈ Q
′} is a finite subset of Mn. Let f ∈ Mn. Then there exists some
Q ∈ Q′ such that (f1(1), . . . , f1(m), . . . . . . , fn(1), . . . , fn(m)) ∈ Q. By the choice of fQ, there
exists g ∈ G such that
(f1(1), . . . ,f1(m), . . . . . . , fn(1), . . . , fn(m))
= (g(fQ,1(1)), . . . , g(fQ,1(m)), . . . . . . , g(fQ,n(1)), . . . , g(fQ,n(m))).
Consequently, for every i ∈ n we have d˜(fi, gfQ,i) < 2
−m and hence d(fi, gfQ,i) ≤ 2
n−m < ε.
Therefore, dG,n((f1, . . . , fn), (fQ,1, . . . , fQ,n)) < ε and we are done.
(3)⇒ (4). Let d be as in (3). Since d is an ultrametric, V := {(x, y) ∈M2 | d(x, y) < 1/2}
is an equivalence relation on M . Besides, as d is left non-expansive, V is left invariant.
Moreover, M/V is countable because M is separable. We now show (4a). By definition, the
uniformity U is generated by
{
{(x, y) ∈M2 | ∀g ∈ F : d(xg, yg) < 1/2} | F ⊆ G finite
}
.
Since d is G-finitely generated we find for every n ∈ N a finite subset F ⊆ G such that
∀x, y ∈M : max
g∈F
d(xg, yg) < 1/2⇒ d(x, y) < 1/n .
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It follows that U is generated by
{
{(x, y) ∈M2 | d(x, y) < 1/n} | n ∈ N
}
and hence coincides with the uniformity generated by d. In particular, U is complete and
compatible with the topology of M .
Furthermore, (3) implies (4b). To see this, let n ∈ N. By (3) there exists a finite set
F ⊆ Mn such that for all x ∈ Mn there exists a y ∈ F such that dG,n(x, y) < 1/n. Hence,
the index of Vn = {(x, y) ∈M
n ×Mn | dG,n(x, y) < 1/n} is bounded by |F |.
(4)⇒ (2). By assumption, N :=M/V is countable. Let us define ξ : M → NN by
ξ(x)([y]V ) := [xy]V
for all x, y ∈M . Since V is left invariant, ξ is well defined. Furthermore, ξ is a homomorphism
because
ξ(xy)([z]V ) = ([xyz]V ) = ξ(x)([yz]V ) = ξ(x)(ξ(y)([z]V ))
and
ξ(1)([z]V ) = [1z]V = [z]V
for all x, y, z ∈M .
Claim 1. The map ξ is injective. Let x, y ∈ M where x 6= y. As a consequence of
(4a) and M being Hausdorff, there exists some g ∈ G such that (xg, yg) /∈ V . Accordingly,
ξ(x)([g]V ) = [xg]V 6= ξ(y)([g]V ) = [yg]V and therefore ξ(x) 6= ξ(y).
Claim 2. ξ(G) is oligomorphic. Let n ∈ N be arbitrary. We have to verify that ξ(G) has
finitely many orbits in its action on Nn. By (4b), the equivalence relation Vn has finitely
many equivalence classes C1, . . . , Cm. Let S, T ∈ N
n be arbitrary, and let s, t ∈Mn be such
that Si = [si]V and Ti = [ti]V for all i ∈ n. Suppose that (s, t) ∈ Cj for some j ∈ m. Then
there exists a g ∈ G such that g(si, gti) ∈ V for all i ∈ n. Hence, ξ(g)([ti]V ) = [gti]V = [si]V ,
and S and T lie in the same orbit of the action of ξ(G) on Nn. Therefore, m bounds the
number of orbits of n-tuples of ξ(G).
Claim 3. The map ξ is continuous. Let x ∈M be arbitrary, and E ⊆ N be finite. Define
Wx,E := {g ∈ N
N | g(e) = ξ(x)(e) for all e ∈ E}, and recall from the proof of (2) ⇒ (3) and
(3) ⇒ (4) that sets of the form Wx,E form a uniformity base for the submonoid induced by
ξ(M) in NN . Then
ξ−1(Ux,E) = {y ∈M | ξ(y)(e) = ξ(x)(e) for all e ∈ E}
=
⋂
[z]V ∈E
{y ∈M | ξ(x)([z]V ) = ξ(y)([z]V )}
=
⋂
[z]V ∈E
{y ∈M | [xz]V = [yz]V }
=
⋂
[z]V ∈E
{y ∈M | yz ∈ [xz]V } .
We are going to prove that S := {y ∈ M | yz ∈ [xz]V } is open. As M is a topological
monoid, ρz : M → M, y 7→ yz is continuous for every z ∈ M . Since V is a member of a
compatible uniformity on M , each element of M/V is open in M , and in particular, [xz]V is
open. Hence, ρ−1z ([xz]V ) = {y ∈ M | ρz(y) ∈ [xz]V } = S is open, too. Therefore, ξ
−1(Ux,E)
is a finite intersection of open sets and therefore open. This shows that ξ is continuous at x.
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Claim 4. The map ξ−1 is uniformly continuous. According to (4a), we have to show that
for every finite subset F ⊆ C the relation {(ξ(x), ξ(y)) | (x, y) ∈ VF } is an entourage in ξ(M)
where VF := {(x, y) ∈M
2 | ∀g ∈ F : (xg, yg) ∈ V }. Define
UF := {(f, g) ∈ N
N ×NN | ∀z ∈ F : f([z]V ) = g([z]V )}.
Now,
UF ∩ ξ(M)
2 =
{
(ξ(x), ξ(y)) | x, y ∈M and ∀g ∈ F : ξ(x)([g]V ) = ξ(y)([g]V )
}
=
{
(ξ(x), ξ(y)) | x, y ∈M and ∀g ∈ F : [xg]V = [yg]V
}
=
{
(ξ(x), ξ(y)) | (x, y) ∈ VF
}
.
The former set is an entourage in ξ(M), and this proves the claim.
Claim 5. The image of M under ξ is closed in NN . This is analogous to the proof of the
corresponding claim in Theorem 2, using uniform continuity of ξ−1, the fact that C has a
compatible complete uniformity, and continuity of ξ. 
4. Oligomorphic Permutation Groups
A topological group G is Roelcke precompact if for every open subgroup U of G there
exists a finite set F ⊆ G such that UFU = G. Todor Tsankov [Tsa12] showed that a closed
subgroup of Sym(N) is Roelcke precompact if and only if every continuous action of G with
finitely many orbits on a countable, discrete set X is oligomorphic. This can be turned into a
characterisation of those subgroups of Sym(N) that are topologically isomorphic to a closed
oligomorphic permutation group on a countable set.
Theorem 4. Let G be a topological group. Then the following are equivalent.
(1) G is topologically isomorphic to the automorphism group of a countable ω-categorical
structure;
(2) G is topologically isomorphic to a closed oligomorphic subgroup of Sym(N).
(3) G is Polish, Roelcke precompact, and has a compatible G-finitely generated left invari-
ant ultrametric.
(4) G is Polish, Roelcke precompact, and has an open subgroup V of countably infinite
index such that for all open subgroups U of G there are g1, . . . , gn ∈ G such that⋂
i∈n giV g
−1
i ⊆ U .
(5) G is topologically isomorphic to a closed transitive oligomorphic subgroup of Sym(N).
Proof. The equivalence of (1) and (2) is again well-known, and similar to the equivalence
of (1) and (2) in Theorem 3. For the implication from (2) to (3), we already have Roelcke
precompactness of G from [Tsa12] as mentioned above. The group G is Polish as it is
topologically isomorphic to a closed subgroup of the Polish group Sym(N). We now consider
the monoid M induced in NN by the closure of the image of G in NN under the topological
isomorphism. By the implication from (2) to (3) in Theorem 3 there exists a compatible
G-finitely generated complete left non-expansive ultrametric. Then the restriction of d to G
is no longer guaranteed to be complete (since the image of G may not be closed), but is still
a compatible G-finitely generated left invariant ultrametric.
To show the implication from (3) to (4), let d be a metric as in (3). Since d is a left
non-expansive metric, V := {x ∈ G | d(x, 1) < 1/2} induces an open subgroup in G. Let U
be any open subgroup of G. Since d is compatible and U is open, there exists an ε > 0 such
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that {x ∈ G | d(x, 1) < ε} ⊆ U . Since d is G-finitely generated there exists a finite subset
F of G such that ∀x, y ∈ G : maxg∈F d(xg, yg) < 1/2 ⇒ d(x, y) < ε. Let x ∈
⋂
g∈F gV g
−1.
Then for all g ∈ F we have g−1xg ∈ V and thus d(g−1xg, 1) < 1/2. Since g is non-expansive
we have d(xg, g) < 1/2, and the above then implies that d(x, 1) < ε, and x ∈ U . Hence,⋂
g∈F gV g
−1 ⊆ U , as desired.
The implication from (4) to (5) can be found in the proof of Theorem 7.3.1 in [Bod12], and
the implication from (5) to (2) is trivial. 
5. Clones
Clones (in the literature often abstract clones) relate to function clones in the same way
as (abstract) groups relate to permutation groups: the elements of a clone correspond to the
functions of a function clone, and the signature contains composition symbols to code how
functions compose. Since a function clone contains functions of various arities, a clone will
be formalised as a multi-sorted structure, with a sort for each arity.
Definition 3. A clone C is a multi-sorted structure with sorts {C(i) | i ∈ N} and the
signature {pki | 1 ≤ i ≤ k} ∪ {comp
k
l | k, l ∈ N}. The elements of the sort C
(k) will be called
the k-ary operations of C. We denote a clone by
C = (C(0), C(1), . . . ; (pki )1≤i≤k, (comp
k
l )k,l≥1)
and require that pki is a constant in C
(k), and that compkl : C
(k)×(C(l))k → C(l) is an operation
of arity k + 1. Moreover, it holds that
compkk(f, p
k
1, . . . , p
k
k) = f(1)
compkl (p
k
i , f1, . . . , fk) = fi(2)
compkl (f, comp
m
l (g1, h1, . . . , hm), . . . , comp
m
l (gk, h1, . . . , hm)) =
compml (comp
k
m(f, g1, . . . , gk), h1, . . . , hm) .(3)
We write C :=
⋃
i∈ω C
(i), and when f ∈ C(k) we call ar(f) := k the arity of f .
Every function clone C gives rise to an abstract clone C in the obvious way: pki ∈ C
(k)
denotes the projection πki ∈ C , and comp
k
l (f, g1, . . . , gk) ∈ C
(l) denotes the composed function
(x1, . . . , xl) 7→ f(g1(x1, . . . , xl), . . . , gk(x1, . . . , xl)) ∈ C .
In the following, we will also use the term ‘abstract clone’ in situations where we want to
stress that we are working with a clone and not with a function clone.
Let C and D be clones. A clone homomorphism from C to D is a mapping ξ from C to
D such that
• for all i, k ∈ N, i ≤ k, the element pki in C
(k) is mapped to the element pki in D
(k), and
• for all f ∈ C(k) and g1, . . . , gk ∈ C
(l)
ξ(compkl (f, g1, . . . , gk)) = comp
k
l (ξ(f), ξ(g1), . . . , ξ(gk)) .
A (clone) isomorphism is a bijective clone homomorphism.
Definition 4. A topological clone is an abstract clone C together with a topology on C such
that the functions (compkl )k,l≥1 of C are continuous.
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A topological isomorphism between topological clones is an isomorphism between the re-
spective abstract clones which is also a homeomorphism.
Let C be a topological clone and d a compatible metric on C. We say that d is left
non-expansive if for all f ∈ C(k) and g1, h1, . . . , gk, hk ∈ C
(l) we have that
d(compkl (f, g1, . . . , gk), comp
k
l (f, h1, . . . , hk)) ≤ max(d(g1, h1), . . . , d(gk, hk)) .
We say that d is projection right invariant if for all f, g ∈ C(k), k ∈ N, and pairwise distinct
i1, . . . , il ∈ k we have
d(f, g) = d(complk(f, p
k
i1
, . . . , pkil), comp
l
k(g, p
k
i1
, . . . , pkil) .
There are several different ways to define compatible left non-expansive metrics for function
clones. The following metric, however, is additionally projection right-invariant.
Definition 5 (Box metric). The box metric on Nk → N is the metric defined by
d(f, g) = 2−min{n∈N | there is s∈n
k such that f(s)6=g(s)} .
A relation R on C is called left invariant if for all f ∈ C(k) and g1, h1, . . . , gk, hk ∈ C
(l), if
(g1, h1), . . . , (gk, hk) ∈ R, then (comp
k
l (f, g1, . . . , gk), comp
k
l (f, h1, . . . , hk)) ∈ R. A relation R
on C is called projection right invariant if for all k ∈ N and pairwise distinct i1, . . . , il ∈ k
(f, g) ∈ R implies (complk(f, p
k
i1
, . . . , pkil), comp
l
k(g, p
k
i1
, . . . , pkil)) ∈ R .
As in the case of monoids, we might omit brackets when composing functions in a clone; that
is, when g ∈ C(l) and f ∈ (C(k))l we write gf for complk(g, f).
Theorem 5. Let C be a topological clone. Then the following are equivalent.
(1) C is topologically isomorphic to the polymorphism clone of a countable structure.
(2) C is topologically isomorphic to a closed subclone of ON.
(3) C is separable and admits a compatible complete left non-expansive and projection
right invariant ultrametric.
(4) C is Hausdorff and has a complete compatible uniformity with a countable base B such
that each element of B is a left invariant and projection right invariant equivalence
relation of countable index on C.
Proof of Theorem 5. The equivalence between (1) and (2) is well-known; see, e.g., [Sze86].
(2) ⇒ (3). The proof that closed subclones of ON are separable is analogous to the proof
in the case of closed submonoids of NN given in Theorem 2. A compatible complete left non-
expansive and projection right invariant ultrametric is given by the box metric (Definition 5).
(3) ⇒ (4). Let d be a compatible left non-expansive and projection right invariant ul-
trametric of C. Then B := {Bn | n ∈ N} where Bn := {(x, y) ∈ C
2 | d(x, y) < 1/n} is a
countable uniformity base which we claim has the required properties. Since d is complete,
the uniformity is complete, too, and it is clearly compatible with C. The transitivity of the
Bn follows from the assumption that d is an ultrametric. Separability of C implies that the
Bn have countably many equivalence classes. Finally, Bn is left invariant because d is left
non-expansive, and projection right invariant because d is projection right invariant.
(4) ⇒ (2). Let V1, V2, . . . be an enumeration of the equivalence relations in B, and let
(Un)n∈N be the sequence of equivalence relations given by Un :=
⋂
i∈n Vi. Note that these
relations are left invariant and projection right invariant, too. Let Nn := C/Un, and let
N be the countable set
⋃
n∈N(Nn × {n}). Define ξ : C → ON as follows. Let f ∈ C
(k),
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e1, . . . , ek ∈ N , and for i ∈ k let gi ∈ C
(li) be such that ei = ([gi]Uni , ni) for n1, . . . , nk ∈ N.
Let n := min(n1, . . . , nk) and l := max(l1, . . . , lk). Define
ξ(f)(e1, . . . , ek) :=
(
[f(g1(p
l
1, . . . , p
l
l1
), . . . , gk(p
l
1, . . . , p
l
lk
))]Un , n
)
.
This is well-defined: let h1, . . . , hk ∈ C be such that (g1, h1) ∈ Un1 , . . . , (gk, hk) ∈ Unk .
Then (gi(p
l
1, . . . , p
l
li
), hi(p
l
1, . . . , p
l
li
)) ∈ Uni for all i ∈ k since Uni is projection right invari-
ant. Moreover, (gi(p
l
1, . . . , p
l
li
), hi(p
l
1, . . . , p
l
li
)) ∈ Un by the definition of Un. It follows that
(f(g1(p
l
1, . . . , p
l
l1
), . . . , gk(p
l
1, . . . , p
l
lk
)), f(h1(p
l
1, . . . , p
l
l1
), . . . , hk(p
l
1, . . . , p
l
lk
)) ∈ Un since Un is
left invariant.
Claim 1. The map ξ is a homomorphism. Let f ∈ C(k) and g1, . . . , gk ∈ C
(l). Let
n1, . . . , nl ∈ N and h1 ∈ C
(m1), . . . , hl ∈ C
(ml). For i ∈ l, define ei := ([hi]Uni , ni) ∈ N . Let
m := max(m1, . . . ,ml) and let n := min(n1, . . . , nl). We write h
′
i for hi(p
m
1 , . . . , p
m
mi
). Then
ξ(f(g1, . . . , gk))(e1, . . . , el) = ([f(g1, . . . , gn)(h
′
1, . . . , h
′
l)]Un , n)
= ([f(g1(h
′
1, . . . , h
′
l), . . . , gk(h
′
1, . . . , h
′
l)))]Un , n)
= ξ(f)
(
([g1(h
′
1, . . . , h
′
l)]Un , n), . . . , ([gk(h
′
1, . . . , h
′
l)]Un , n)
)
= ξ(f)
(
ξ(g1)(p1, . . . , pn), . . . , ξ(gl)(e1, . . . , en)
)
and
ξ(pli)(e1, . . . , el) = ([p
l
i(h1, . . . , hl]Un , n)
= ([hi]Un , n) = ei
and thus, ξ(pli) is mapped to the i-th l-ary projection in ON .
Claim 2. The map ξ is injective. Let f1, f2 ∈ C be distinct. As the topology on C is
Hausdorff there exists an n ∈ N such that (f1, f2) /∈ Un. Therefore,
ξ(f1)
(
([g1]Un , n), . . . , ([gk]Un , n)
)
= [f1(g1, . . . , gk)]Un
6= [f2(g1, . . . , gk)]Un = ξ(f2)
(
([g1]Un , n), . . . , ([gk]Un , n)
)
.
Claim 3. The map ξ is continuous. Let f ∈ C(k) be arbitrary, and E ⊆ N be finite.
Define Wf,E := {g ∈ ξ(C) | g(e) = ξ(f)(e) for all e ∈ E
k}, and observe that the sets of the
form Wf,E form a basis for the topology induced by ξ(C) in ON . Then
ξ−1(Wf,E) = {g ∈ C | ξ(g)(e) = ξ(f)(e) for all e ∈ E
k}
=
⋂
e1,...,ek∈E
{
g ∈ C | ξ(g)(e1, . . . , ek) = ξ(f)(e1, . . . , ek)
}
Let e1, . . . , ek ∈ E be arbitrary, and let hi ∈ C
(li) be such that ei = ([hi]Uni , ni). Let
n := min(n1, . . . , nk) and l := max(l1, . . . , lk). Let ρh1,...,hk : C
(k) → C(l) defined by
ρh1,...,hk(f) := f(h1(p
l
1, . . . , p
l
l1
), . . . , hk(p
l
1, . . . , p
l
l1
)) .
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Now,
S :=
{
g ∈ C | ξ(g)(e1, . . . , ek) = ξ(f)(e1, . . . , ek)
}
=
{
g ∈ C(k) | ρh1,...,hk(g) ∈ [ρh1,...,hk(f)]Un
}
= ρ−1h1,...,hk([f ]Un) .
The set [f ]Un is open because Un is the member of a compatible uniformity. As composition
in topological clones is continuous, ρ is continuous, and therefore S is open, too. Hence,
ξ−1(Wf,E) is a finite intersection of open sets, and open. We have thus shown that for every
open subset V of ξ(C) containing ξ(f) there is an open subset of C that contains f and whose
image is contained in V , that is, ξ is continuous at f .
Claim 4. The map ξ−1 is uniformly continuous. We have to show that for all n ∈ N the
relation {(ξ(f), ξ(g)) | (f, g) ∈ Un} is an entourage in ξ(C). Define Wn to be the set
{
(f, g) ∈ ON × ON | f(([p
ar(f)
1 ]Un , n), . . . , ([p
ar(f)
ar(f)]Un , n))
= g(([p
ar(g)
1 ]Un , n), . . . , ([p
ar(g)
ar(g)]Un , n))
}
.
Then
Wn ∩ ξ(C)
2 =
{
(ξ(f), ξ(g)) | f, g ∈ C and (f(p
ar(f)
1 , . . . , p
ar(f)
ar(f)), g(p
ar(f)
1 , . . . , p
ar(f)
ar(f))) ∈ Un
}
=
{
(ξ(f), ξ(g)) | (f, g) ∈ Un
}
.
The former set is an entourage in ξ(M), and this proves the claim.
Claim 5. The image of C under ξ is closed in ON . Again analogous to the corresponding
claim in the proof of Theorem 2. 
6. Oligomorphic Function Clones
In this section we characterise those topological clones C that arise as polymorphism clones
of countably infinite ω-categorical structures. We cannot simply combine the requirements
from the characterisation of polymorphism clones (Theorem 5) and the characterisation of
oligomorphic transformation monoids for the unary part of C (Theorem 3): in [BPP13], a
structure is described whose polymorphism clone does not have an action where the units act
transitively, but our proof of Theorem 3 would in this case produce a transitive action of the
unary part of C.
Let C be a topological clone. Similarly to what we did in Section 3, we consider the group
G := {x ∈ C(1) | ∃y ∈ C(1) : xy = yx = p11} of its units. Note that if d is a left non-expansive
compatible metric on C, then the left action G × C → C, (g, x) 7→ gx is an isometric action
of G on (C, d). Furthermore, generalising Definition 2 from monoids to clones, we say that a
metric d on C is G-finitely generated if
∀ε > 0, k ∈ N ∃F ⊆ G finite ∀x, y ∈ C(k) : sup
g∈F k
d(xg, yg) < 1/2⇒ d(x, y) < ε .
Theorem 6. Let C be a topological clone and let G be the units of C. Then the following
are equivalent.
(1) C is topologically isomorphic to the polymorphism clone of an ω-categorical structure.
(2) There is a topological isomorphism ξ between C and a closed subclone of ON such that
ξ(G) is oligomorphic.
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(3) C is separable and admits a compatible G-finitely generated complete left non-expansive
and projection right invariant ultrametric d such that for every k ∈ N the left action
of G on (C(k), d) is approximately oligomorphic.
(4) C is Hausdorff and there exists a left invariant and projection right invariant equiva-
lence relation V of countable index on C such that
(a) the uniformity U generated by
{
{(f, g) ∈ C(k) × C(k) | k ∈ N and ∀h ∈ F k : (fh, gh) ∈ V } | F ⊆ G finite
}
is compatible and complete;
(b) for all n, k ∈ N, the equivalence relation Vn,k defined on (C
(k))n by
Vn,k :=
{
(f, g) | ∃h ∈ G∀i ∈ n : (fi, hgi) ∈ V
}
has finite index.
Proof. The equivalence of (1) and (2) is a well-known consequence of the theorem of Engeler,
Svenonius, and Ryll-Nardzewski and the equivalence of (1) and (2) in Theorem 5.
(2) ⇒ (3). We have already seen in Theorem 5 that C is separable and that it has a
compatible complete left non-expansive and projection right invariant ultrametric d˜. Since
ξ(G) is an oligomorphic permutation group, there exists some n ∈ N such that
N =
⋃
j∈n
{ξ(g)(j) | g ∈ G}.
Then d defined by d(x, y) := 2nd˜(x, y) is also a compatible left non-expansive and projection
right invariant ultrametric on M . We prove that d is furthermore G-finitely generated.
Let ε > 0 and k ∈ N. Pick m ∈ N such that 2n−m < ε. For each i ∈ m, choose some
gi ∈ G such that i ∈ ξ(g)(n). Evidently, F := {gi | i ∈ m} is finite. Now, let x, y ∈ C
(k). If
maxg∈F k d(xg, yg) < 1/2 then ξ(xg)|n = ξ(yg)|n for each g ∈ F
k. Thus, ξ(x)|mk = ξ(y)|mk ,
which implies that d˜(x, y) ≤ 2−m, and hence d(x, y) ≤ 2n−m < ε.
To complete the proof of (3), arbitrarily choose ε > 0 and k ∈ N. Let m ∈ N be such
that 2n−m < ε. Since ξ(G) is oligomorphic, it has finitely many orbits in its componentwise
action on Nnm
k
. In the following, we identify the elements of C with their image under ξ
when applying them to elements from N. For f ∈ (C(k))n, we write f [mk] for the nmk-tuple
(
f1(1, . . . , 1), f1(1, . . . , 1, 2), . . . , f1(m, . . . ,m),
. . .
fn(1, . . . , 1), fn(1, . . . , 1, 2), . . . , fn(m, . . . ,m)
)
.
Let Q be the set of all orbits of nmk-tuples of the form f [mk] for some f ∈ (C(k))n. For each
P ∈ Q, choose an fP ∈ (C
(k))n such that fP [m
k] ∈ P . Clearly, the set F := {fP | P ∈ Q} is
a finite subset of (C(k))n. Let f ∈ (C(k)n be arbitrary. Then there exists some P ∈ Q such
that f [mk] ∈ P . Hence, there exists g ∈ G such that f [mk] = g(fP [m
k]). Consequently, for
every j ∈ n we have d˜(fj, fP,j) ≤ 2
−m and hence d(fj, fP,j) ≤ 2
n−m < ε.
(3)⇒ (4). Let d be as in (3). Since d is an ultrametric, V := {(x, y) ∈ C2 | d(x, y) < 1/2}
is an equivalence relation. As d is left non-expansive, V is left-invariant. As d is projection
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right invariant, V is projection right invariant. Moreover, C/V is countable because C is
separable. We now show (4)(a). By definition, the uniformity U is generated by
{
{(x, y) ∈ C(k) × C(k) | k ∈ N and ∀g ∈ F : d(xg, yg) < 1/2} | F ⊆ G finite
}
.
Since d is G-finitely generated we find for all n, k ∈ N a finite set F ⊆ (C(k))n such that for
all x, y ∈ (C(k))n we have that
max
g∈F
d(xg, yg) < 1/2⇒ d(x, y) < 1/n .
It follows that U is generated by
{
{(x, y) ∈ C2 | d(x, y) < 1/n} | n ∈ N
}
.
and hence coincides with the uniformity generated by d. In particular, U is complete and
compatible with the topology of C.
We finally show (4)(b). Let n, k ∈ N. By (3) there exists a finite set F ⊆ (C(k))n such
that for all x ∈ (C(k))n there exists a y ∈ F such that dG,n(x, y) < 1/n. Hence, the index of
Vn,k =
{
(x, y) ∈ C(k) × C(k) | dG,n(x, y) < 1/n
}
is bounded by |F |.
(4) ⇒ (2). By assumption, N := C/V is countable. Let us define ξ : C → ON as follows.
Let f ∈ C(k), g1 ∈ C
(l1), . . . , gk ∈ C
(lk), and l := max(l1, . . . , lk). Define
ξ(f)([g1]V , . . . , [gk]V ) := [f(g1(p
l
1, . . . , p
l
l1
), . . . , gk(p
l
1, . . . , p
l
lk
))]V .
We first show that the function ξ is well defined. Let h1, . . . , hk ∈ C be such that (gi, hi) ∈ V
for all i ∈ k. Then (gi(p
l
1, . . . , p
l
li
), hi(p
l
1, . . . , p
l
li
)) ∈ V since V is projection right invariant. It
follows that (f(g1(p
l
1, . . . , p
l
l1
), . . . , gk(p
l
1, . . . , p
l
lk
)), f(h1(p
l
1, . . . , p
l
l1
), . . . , hk(p
l
1, . . . , p
l
lk
))) ∈ V
since V is left invariant.
Claim 1. The map ξ is a homomorphism. Let f ∈ C(k) and g1, . . . , gk ∈ C
(l). Let
h1, . . . , hl ∈ C be arbitrary, let mi be the arity of hi for i ∈ l, and let m := max(m1, . . . ,ml).
We write h′i for hi(p
m
1 , . . . , p
m
mi
). Then
ξ(f(g1, . . . , gk))([h1]V , . . . , [hl]V ) = [f(g1, . . . , gk)(h
′
1, . . . , h
′
l)]V
= [f(g1(h
′
1, . . . , h
′
l), . . . , gk(h
′
1, . . . , h
′
l))]V
= ξ(f)([g1(h
′
1, . . . , h
′
l)]V , . . . , [gk(h
′
1, . . . , h
′
l)]V )
= ξ(f)(ξ(g1)([h1]V , . . . , [hl]V ), . . . , ξ(gk)([h1]V , . . . , [hl]V ))
and ξ(pli)([h1]V , . . . , [hl]V ) = [p
l
i(h1, . . . , hl)]V = [hi]V .
Claim 2. The map ξ is injective. Let f, g ∈ C be distinct. If f and g have distinct arities,
then clearly ξ(f) 6= ξ(g), so suppose that ar(f) = ar(g) = k ∈ N. Due to (4b) and C being
Hausdorff, there are h1, . . . , hk ∈ G such that (f(h1, . . . , hk), g(h1, . . . , hk)) /∈ V . Accordingly,
ξ(f)([h1]V , . . . , [hk]V ) = [f(h1, . . . , hk)]V 6= [g(h1, . . . , hk)]V = ξ(g)([h1]V , . . . , [hk]V )
and thus ξ(f) 6= ξ(g).
Claim 3. ξ(G) is oligomorphic. The proof is as in the proof of Theorem 3.
Claim 4. The map ξ is continuous. Let f ∈ C(k) be arbitrary, and F ⊆ N be finite.
Define Wf,F := {g ∈ ON | g(e) = ξ(f)(e) for all e ∈ F
k}, and recall that the sets of the form
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Wf,F form a uniformity base for the subclone induced by ξ(C) in ON . Then
ξ−1(Uf,F ) = {y ∈ C | ξ(y)(e) = ξ(f)(e) for all e ∈ F
k}
=
⋂
[h1]V ,...,[hk]V ∈F
{
g ∈ C | [f(h1, . . . , hk)]V = [g(h1, . . . , hk)]V
}
=
⋂
[h1]V ,...,[hk]V ∈F
{
g ∈ C | g(h1, . . . , hk) ∈ [f(h1, . . . , hk)]V
}
.
We prove that S := {g ∈ C | g(h1, . . . , hk) ∈ [f(h1, . . . , hk)]V } is open. As C is a topological
clone, ρh1,...,hk : C
(k) → C(l), g 7→ g(h1, . . . , hk) is continuous for all (h1, . . . , hk) ∈ (C
(l))k.
Since V is both an equivalence relation and a member of a compatible uniformity on C, it
follows that each element of C/V is open in M , and, in particular, [f(h1, . . . , hk)]V is open.
Hence, ρ−1h1,...,hk([f(h1, . . . , hk)]V ) = {g ∈ C | ρh1,...,hk(g) ∈ [f(h1, . . . , hk)]V } = S is open,
too. Therefore, ξ−1(Uf,F ) is a finite intersection of open sets and therefore open. This shows
that ξ is continuous at f .
Claim 5. The map ξ−1 is uniformly continuous. According to (4b), we have to show that
for every finite subset F ⊆ G the relation {(ξ(f), ξ(g)) | (f, g) ∈ VF} is an entourage in ξ(C)
where VF := {(f, g) ∈ C
2 | ∀h ∈ F k : (fh, gh) ∈ V }. Define
UF :=
⋂
h1,...,hk∈F
{(f, g) ∈ ON × ON | f([h1]V , . . . , [hk]V ) = g([h1]V , . . . , [hk]V )
}
.
Now,
UF ∩ ξ(C)
2
=
{
(ξ(f), ξ(g)) | f, g ∈ C and ∀h1, . . . , hk ∈ F : ξ(f)([h1]V , . . . , [hk]V ) = ξ(g)([h1]V , . . . , [hk]V )
}
=
{
(ξ(f), ξ(g)) | f, g ∈ C and ∀h1, . . . , hk ∈ F : [f(h1, . . . , hk)]V = [g(h1, . . . , hk)]V
}
=
{
(ξ(f), ξ(g)) | (f, g) ∈ VF
}
.
The former set is an entourage in ξ(C), and this proves the claim.
Claim 6. The image of C under ξ is closed in ON . This is analogous to the corresponding
claim in the proof of Theorem 2. 
7. Open Problems
There is an important property of oligomorphic permutation groups, transformation monoids,
and function clones that only depends on the topological group, topological monoid, and topo-
logical clone, respectively: we say that an oligomorphic permutation group G (oligomorphic
transformation monoid M , oligomorphic function clone C ) is finitely related if there exists a
countable structure Γ with finite relational signature such that G = Aut(Γ) (M = End(Γ),
C = Pol(Γ)). It has been shown in [BP15] that all oligomorphic function clones that are
topologically isomorphic to a finitely related oligomorphic function clone must also be finitely
related. The same argument also shows the corresponding statements for oligomorphic trans-
formation monoids and oligomorphic groups. Hence, it is natural to ask for a direct topological
characterisation of finite relatedness in these three settings, similarly to the characterisations
obtained in this paper.
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